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We consider spin-polarized abelian quantum Hall states in the Tao-Thouless limit, ie on a thin 
torus. For any filling factor v = p/q a well-defined sector of low-energy states is identified and the 
exclusion statistics of the excitations is determined. We study numerically, at and near v = 1/3 and 
2/5, how the low energy states develop as one moves away from the TT-limit towards the physical 
regime. We find that the lowest energy states in the physical regime develop from states in the low 
energy sector but that the exclusion statistics is modified. 



I. INTRODUCTION 

Polarized interacting electrons in the lowest Landau 
level in the Tao-Thouless limit, which corresponds to 
a thin torus or cylinder, has been a subject of recent 
study, see eg Ref. [lHE In this limit the problem be- 
comes equivalent to a one-dimensional lattice model with 
a purely electrostatic repulsive interaction between the 
electrons. The hamiltonian can be diagonalizcd for any 
filling factor v = p/q and the energy eigenstates are the 
states where the electrons have fixed positions on the 
latticeQ. In the ground state, the Tao-Thouless state, 
the electrons are as far separated as possible; the state 
has a unit cell with p electrons on q sites and is g-fold 
degenerate. There is a gap to all excitations and the 
low energy charged excitations are domain walls between 
the degenerate ground states; these domain walls have 
charge ±e/q. The Tao-Thouless states, and their exci- 
tations, are limits of hierarchy wave functions describing 
abelian quantum Hall states and there is strong evidence 
that they develop adiabatically into such states as the 
circumference of the torus increases in cases where such 
states are observed. The hierarchy construction of quan- 
tum Hall states is manifest in the TT-limit: each state is 
obtained by condensing quasiparticles, ie domain walls, 
in a parent stated . In our opinion, the TT-states are 
abelian quantum Hall states. 

In this article we consider the low-energy excitations 
in the TT-limit in general. It was previously noted that 
the unit cell C for the TT qround state can be written as 
C = hp where p is the quasielectron and f) is the quasi- 
hole excitation Q. Thus the ground state is a string 
flphpf)phpfiphp Interchanging a nearest neighbor par- 
ticle and hole gives hpt)pht)pphpf)p This state has two 

nearby domain walls, f)f) and pp — these are the quasi- 
particles with charges ±e/g. Here we show that, given 
a certain condition on the electron-electron interaction, 
the low-energy sector of states consists of all rcorderings 
of the p's and ()'s that make up the ground state. 

We study how the low-energy states develop away from 
the TT-limit using exact diagonalisation at and around 
v = 1/3 and 2/5. We find that the low energy sector for 
any circumference consists of states that develop from 



the low energy states in the TT-limit. 

The exclusion statistics Q was determined for v = 1/3 
in the TT-limit in Ref. @. We here generalize this to ar- 
bitrary filling factor v = p/q and find a simple result 
for the exclusion statistics, which, however, in general 
differs from the values established for the excitations in 
the physical regime 0^3- I n particular it disagrees in 
certain cases with the values obtained by assuming the 
quasiparticles are anyons and counting anyon wave func- 
tions. For example, at filling factors 1/3 and 2/5 the 
diagonal statistics in the TT-limit agrees with that in 
the physical regime for the holes but differs for the par- 
ticles. We study numerically for these filling factors how 
the exclusion statistics for the quasiparticles change as 
the circumference increases and the values that are con- 
sistent with the particles being anyons are recovered. A 
recent discussion of exclusion statistics in connection to 
entanglement spectra can be found in Ref. UH, see also 
Ref. M and US 

The quasiparticles in the TT-limit arc domain walls 
and as a consequence the exchange statistics cannot 
be calculated in this limit Q. However, the exchange 
statistics can be considered by making use of the TT- 
limit and invoking the adiabatic continuity to the bulk 
quasiparticles fTsl fl9j). 

In Sec. [TT] we determine the low-energy states in the 
TT-limit and in Sec. IIIII we investigate to what extent 
these results hold away from the TT-limit by numerically 
investigating small systems. The exclusion statistics is 
discussed in Sec. [IV] and our findings are discussed in 
Sec. El Derivations and details of our analysis are given 
in three appendices. 

II. LOW-ENERGY STATES IN TT-LIMIT 

In this section we identify the space of low-energy 
states in the Tao-Thouless limit for arbitrary filling fac- 
tor v = p/q < 1. Mathematical details are given in the 
appendices and details about the TT-limit can be found 
in Ref. S 

We consider a single Landau level of spin polarized 
electrons on a torus with lengths L\^Li. Using Lan- 
dau gauge, the natural one-particle eigenstates ip^, k = 
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1 , . . . N a , are gaussians concentrated along circles around 
the torus (in the Indirection say, k is the momentum 
in this direction). This maps the Landau level onto a 
one-dimensional lattice model with N s = LxL^j'i.'K sites 
numbered by k, where each site is either empty or oc- 
cupied by an electron. The lattice constant is 2n/Li 
in units of the magnetic length £ = y/hc/eB. A basis 
of many-particle states is given by \n\ni . . . njv s ), where 
rii = 0,1, and N = J\ 3 rij is the number of electrons; 
the filling factor is v = p/q = N/N s . Since the posi- 
tion k gives the conserved momentum, it follows that 
a general translationally invariant two-body hamiltonian 
consists of all terms where two electrons hop while pre- 
serving the position of their center of mass. Let Vkm 
be the amplitude for this process when the separations 
between the electrons are k ± m. When L\ — > 0, the 
lattice constant goes to infinity and the overlap between 
the single-particle states with different k vanishes. As 
a consequence, only the electrostatic terms Vko remain. 
This is the thin torus, or Tao-Thoulcss, limit. It should 
be noted that one can think of this limit as simply being 
a change of the hamiltonian, ie the Vk m , while keeping 
the configuration space unchanged. Thus the TT-limit 
does describe a two-dimensional QH system, albeit with 
a peculiar anisotropic interaction. 

In the TT-limit the interacting electron problem can 
be solved exactly since the interaction is purely elec- 
trostatic: The energy eigenstates are simply the states 
|niTi2 . . . njv s }- For an interaction that obeys the concav- 
ity condition V fe " = Vk-ifi + Vk+i,o — 2Vko > 0, the ground 
state and the low energy excitations have the same quali- 
tative properties as the standard abelian QH states. The 
g-fold degenerate ground state is crystal-like with a unit 
cell of length q containing p electrons. There is a gap 
to excitations and the lowest energy charged excitations 
have charge ±e/g and are the domain walls between the 
degenerate ground states. 

The unit cell C for the ground state is obtained by con- 
sidering a circle with q equidistant sites and p equidistant 
electrons. Lettingeach electron relax to the closest site 
gives the unit cellQ. Electron j is then placed at site Xj, 
where 
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Here, = q denotes equality modulo q and [. . . ] is the 
rounding function: \n + e] = n if — < e < i ; the param- 
eter 5 corresponds to the freedom to rotate all the initial 
(unrclaxed) electron positions by 5, or, equivalently, to 
rotate the sites by — 6. 

There is strong evidence that the TT-ground state, 
given by §B) at is = p/ q, q odd, is adiabatically connected 
to the standard ground state that describes an abelian 
QH state for a realistic interaction. We claim that the 
TT-states (Q} are abelian qauntum Hall states. The hier- 
archy construction of QH states is proven in the TT-limit: 
Each TT-ground state is a condensate of quasiparticlcs 
in another parent TT-ground state. The unit cell C can 



be represented in q different ways by translating the cell 
(imposing periodic boundary conditions). Transposing 
the cell gives a cell that is a translation of the original 
one. It is convenient to introduce a standard represen- 
tation Cr (Cx) which is the cell where the electrons are 
as far to the right (left) as possibile, ie the cell with the 
maximal (minimal) value of J"\ Xj . 

The ground state unit cell at v = p/q can be written 
as Cr = f)p, see [A] where f) and p are the quasihole and 
quasielectron with charges ±e/g. When inserting p or 1} 
between two unit cells in the ground state they produce 
domain walls with charges ±e/g. The number of sites, 
l±, and the number of electrons, n±, in the quasiparticlcs 
are given by 
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where < l±,n± < q; throughout the article we use + 
and p interchangeably to denote the quasielectrons (and 
— and f) to denote the quasiholcs). These relations are de- 
rived in Here, (p(n) is Euler's totient function. (<p(n) 
is the number of positive integers less than or equal to n 
that are coprime to n, ie have no common positive factor 
with n other than 1.) l + and I- are the lengths of (ie the 
number of sites in) the quasielectron and quasihole in the 
TT-limit; l + + /_ = q. For example, for v = 1/3, 2/5, 
4/11 and 5/13 one finds = (2,1), (2,3), (8,3) 

and (5,8) respectively. Moreover, due to the hierarchi- 
cal structure, f) and p are themselves the unit cells at 
u± = n±/l±. This means that they are given by the 
relaxation procedure above. 

Let us consider the two examples v = 2/5 and v — 
5/13. For v = 2/5, choosing S = in (fTJ), we find the 
positions of the electrons in the unit cell to be: xj =3,5, 
corresponding to Cr = 00101 (since Y]j Xj is maximal 
this is in the R- representation) . From @ we find that the 
quasielectron and quasihole have lengths = 2, I— = 3 
and contain n + = ?i_ = 1 electrons respectively, hence 
p = 01 and f) = 001. Note that 001 is the unit cell for 
the ground state at v = 1/3 as well as the quasihole 
at v = 2/5 (the corresponding result holds for 01 and 
1/2, although the latter does not continue to a QH state 
since q = 2 is even). The cells are written in the R- 
representation and we see that Cr = f)p. Inspecting the 
string t)p = 00101 we see that by moving the first electron 
one step to the left, or the last electron one step to the 
right (assuming periodic boundary conditions), we obtain 
a translation of Cr. When these moves are performed in 
the TT-ground state, ie in a string of Cr = t)p, one finds 
that they interchange a nearest neighbor p and f); the first 
gives f)p — > pf) whereas the second leads to Cr —> Cl- 

Repeating the analysis for v = 5/13, we find from 
(fTJ) (with <5 = 0) the positions of the electrons in the 
unit cell to be: Xj = 3, 5, 8, 10, 13, corresponding to 
C = 0010100101001. Translating C to maximize T,j x j 
we find the unit cell C R = 0010010100101. From © we 
find that the quasielectron and quasihole have lengths 
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l + = 5, I- = 8 and contain n + = 2, n_ = 3 elec- 
trons respectively. Applying the relaxation procedure 
O, then gives p = 00101 and rj = 00100101. Note that 
00101 is the unit cell for the ground state at v = 2/5 
as well as the quasielectron at v = 5/13 (similarly for 
00100101 and 3/8). We have chosen to write the cells in 
^-representation and we see that Cr = f)p. Inspecting 
the string f)p = 0010010100101 we see that by moving 
the second electron one step to the left, or the last elec- 
tron one step to the right (assuming periodic boundary 
conditions), we obtain a translation of Cr. When these 
moves are performed in the TT-ground state, one finds, 
just as for 2/5, that they interchange a nearest neighbor 
p and f); the first gives f)p — > p\) whereas the second leads 
to Cr -> C L . 

These results obtained for v = 2/5 and 5/13 generalize 
to arbitrary filling factor and will be crucial in identify- 
ing the low energy excitations. We show in [X] that in 
the unit cell Cr = f)p that gives the ground state at 
v = p/q, p > 1 (ie the unit cell that is given by ([T])) 
there are precisely two electrons with the property that 
moving one of them one step (to the left for the one to 
the left and to the right for the one to the right) inter- 
changes a nearest neighbor p and f) in the string of Cr 
that make up the ground state; moving the left electron 
gives f)p — > pf) whereas moving the right leads to f)p — > pf). 
(The first acts within a unit cell Cr = f)p — ► pf), whereas 
the second acts within a translated unit cell.) Further- 
more, the energy of these excitations is of the order of 
Vg'; we denote this by O q , and it is the minimum energy 
excitation of the system (except for the zero energy ex- 
citations that translate the whole system giving one of 
the degenerate ground states). All other excitations are 
of order O k cx Vg, k < q. (We assume V k " > V k " +1 , in 
the TT-limit, see below.) We assume that p, f) (just as 
Cr) are given in the /^-representation; this makes the 
identification of a certain state given in the 0, 1 notation 
as a p, f) state unique. Note that interchanging a nearest 
neighbor f) and p in the ground state, which is a string of 
Cr = f)p, corresponds to creating two domain walls, f)f) 
and pp with charges ±e/q, next to each other — this is a 
minimally separated particle-hole pair, which is a natural 
minimum energy excitation. For v = 1/q the above still 
holds with the exception that there is now one electron 
per unit cell that can be moved both to the right and to 
the left leading to an interchange of p and f). 

Any interchange f)p O pf), wherever it takes place in 
an arbitrary string of f) and p, is obtained by a minimum 
energy hop 01 -f-s- 10 with energy of order Ok, k > q as 
described above. This follows since f)pf)p f)f)pp differ in 
energy by V''; whereas f)pf)f) «-> f)f)pf) and ppf)p <-> pf)pp 
differ in energy by Of., k > q. The last statement can 
be understood by noting that the two states are degen- 
erate if the surrounding elements are symmetric around 
pf). The energy difference is brought about by any anti- 
symmetry k sites away. For a proof of these results, see 

El 

If V fc " 3> Vfc +1 , for all k, then we can identify the low- 



energy sector as consisting of states that can be described 
using only f) and p. However, several comments arc in or- 
der. First, taking the limit of a standard interaction this 
condition may not be satisfied. It holds for a screened 
Coulomb interaction, V(r) = e~ ar /r (periodized over 
the torus) but not for the unscreened case, V(r) = 1/r, 
see Fig. [5] below. (Because of the periodization in the 
L\— direction, the interaction in the TT-limit, L\ — > 0, 
becomes the electrostatic interaction between two homo- 
geneously charged parallel lines, giving Vko ~ lnfc for 
the unscreened Coulomb case and Vko ~ g(k)e~@ k for 
the screened case, where g(k) is some non-exponential 
function.) What one finds quite generally though is that 
V k " > V k " +1 . Second, while the specific form of the in- 
teraction in the physical regime is well-defined, this is 
not the case in the TT-limit — one may simply modify 
the interaction in this limit so that the condition is ful- 
filled. Third, even if V k > V k+1 it may be that a suf- 
ficiently large number of p, f) excitations has a higher 
energy than the lowest energy states that are not of this 
type. Bearing the provisos above in mind, we identify 
the low-energy sector as consisting of states that can be 
described using only f) and p. One further argument for 
this is of course that it is in accord with the expectation 
in the physical regime. As shown in [B] these states — and 
no others — differ in energy compared to the ground state 
bydV 

As an illustrative aside we consider the hierarchy con- 
struction of 5/13. Since 5/13 = 1/(3 - 1/(2 + 1/2)) it 
follows that 5/13 is obtained by starting from the Laugh- 
lin state at 1/3 and condensing quasielectrons to obtain 
2/5; condensing quasiholcs in 2/5 then gives 5/13. In the 
TT-limit, the 1/3 ground state is 001 and f) = 0, p = 01. 
Inserting p = 01 in the 001 ground state once per unit cell 
gives a state with unit cell 00101 — this is the 2/5 ground 
state. (Note that if one had inserted a lower homogeneous 
density of p = 01 one would have obtained the states 
(001)„01; these are the (n + l)/(3n + 2) ground states.) 
One finds from ([2]) that the quasiparticle excitations at 
2/5 are p = 01, f) = 001. Inserting f) = 001 once per every 
two unit cells gives 001(00101)2 — this is the 5/13 ground 
state. This illustrates how the hierarchy construction, 
where states are obtained by successive condensation of 
quasiparticles, is manifest in the TT-limit. 



III. NUMERICS AWAY FROM TT-LIMIT 

In this section we consider how the low-energy sector 
identified above in the TT-limit develops as L\ increases. 
We do this by performing exact diagonalization of small 
systems at and around filling factors v = 1/3,2/5. The 
results are presented in Fig. 1-5. In each figure the spec- 
tra are shown for < L\ < \/2ttW s and an unscreened 
Coulomb interaction, V(r) = 1/r, that is periodized, in 
the Li and L 2 directions, over the torus. The black and 
red lines are continuations of the low-energy states identi- 
fied above in the TT-limit, whereas grey lines correspond 
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to higher energy states in this limit. Red lines mark the 
very lowest states in the TT-limit, where they are iden- 
tified in terms of particle and/or hole excitations of the 
ground state. We use the convention that when two lines 
with different colors but with the same quantum numbers 
approach each other and an avoided crossing occurs then 
the lower line is chosen as red or black (in this order of pri- 
ority) after the crossing. In each figure is indicated by 
a star; this is, as discussed above, a characteristic energy 
for the low energy excitations in the TT-limit. Energies 
are given relative to the energy of the state that has low- 
est energy in the TT-limit and scaled by L\ to cancel the 
l/L\ behaviour of V& m as L\ — > 0. The main conclusion 
from these figures is that for each filling factor the lowest 
energy states at any L\ develop from states in the low- 
energy sector in the TT-limit (black or red lines), without 
mixing of high-energy TT-states (grey lines). There is no 
obvious simple rule for precisely how many of the lowest 
states this is true for, but it is always true for some set 
for all the v = p/q that we have studied and we propose 
that it is true in general. How strong this restriction on 
the number of states involved in determining the low en- 
ergy sector is depends on the filling factor: At v = 1/2, 
since f) = 0, p = 1 all states are in the low-energy sector 
in the TT-limit, whereas the fraction of low-energy states 
decreases rapidly with increasing q. 

Fig. Q] shows the spectra for v = 1/3 and 2/5. The 
ground states and the one particle-hole excitations (iden- 
tified in the TT-state) are marked in red. As noted be- 
fore [|| the ground states develop continuously, without 
the gap closing. The one particle-hole excitations remain 
low energy excitations for all L\, but there are additional 
(black) states that mix with these for large L\. Some of 
these are presumably states that approach the particle- 
hole TT-states in the limit L\ -> oo (for fixed N,N S ). 

Fig. [2] shows the energy spectra for one and two holes 
in the 1/3 ground state, whereas Fig. [3] shows the data 
for one and two particles. The corresponding spectra for 
2/5 are shown in Fig. @]and[SJ We see that the one hole, 
as well as the one particle, states are the lowest energy 
states for all L\ at both 1/3 and 2/5. The same holds true 
for the two hole states, however at 1/3 the gap at small 
L\ is small. Thus for all these cases the lowest energy 
states identified in the TT-limit remain the low-energy 
states for all L\. For the two-quasiparticle excitations the 
situation is different. At 1/3 one of the low energy states 
identified in the TT-limit disappears to higher energies 
as L\ increases. Similarly, at 2/5 the low energy states 
also change. We conclude that the few particle and hole 
excitations identified in the TT-limit show a large, but 
not complete, correspondence to the states at large L\. 
In the next Section we analyze these excitations, and the 
relation between the TT-limit and the bulk, in terms of 
exclusion statistics. 

In all the figures something happens in the spectrum 
at L\ w 6, this is where the hopping matrix elements 
Vkm, m ^ become important. In Fig. |H for (N, N s ) = 
(6, 16), there is a change of ground state. Note that this 




FIG. 1. Energy spectra for v — 1/3 with six unit cells 
(N, N s ) = (6, 18) (upper panel) and v = 2/5 with three cells 
(N,N 3 ) — (6,15) (lower panel). Energies, scaled by Li, are 
shown for < Li < \?2nN s and are given relative to the en- 
ergy of the state that has lowest energy in the TT-limit. Red 
lines denote the ground states and the one particle-hole ex- 
citations (identified in the TT-limit). Black lines denote the 
remaining low energy states. The characteristic variation in 
the energy of the low-energy excitations in the TT-limit, V 9 ", 
is indicated by a star. (Each state is, at least, 3 and 5-fold 
degenerate respectively.) 



describes the ground state at 3/8 as well as two holes 
at 2/5. The change in ground state as L\ increases is 
typical for even denominator filling factors [3( ■ The finite 
size dependence of the crossover caused by the onset of 
hopping, has been carefully studied at v = 1/2 where it 
was found that a transition occurs at L\ = 5.3 virtually 
independent of N s Q. This agrees with the very weak 
dependence of size we see here and we conclude that the 
crossover remains at finite L\ as N s increases. 

Wc have verified that the qualitative features obtained 




FIG. 2. Energy spectra for one (N,N S ) = (5,16) and two 
(5,17) holes at v = 1/3 with five unit cells — these excitations, 
identified in the TT-limit, are shown as red lines. 



FIG. 3. Energy spectra for one {N,N S ) = (6,17) and two 
(7,19) particles at v = 1/3 with five unit cells — these excita- 
tions, identified in the TT-limit, are shown as red lines. 



above are unchanged if the unscreened Coulomb potential 
is replaced by a screened one or by a short-range, pseudo- 
potential, interaction. 

IV. EXCLUSION STATISTICS 

The low energy quasiparticle states can be analyzed in 
terms of the exclusion statistics introduced by Haldanc 
Q. The exclusion statistics parameters g a g are defined 

as 

Ad a = -^g a gAN 8 , (3) 

P 

where Ad a is the change in the number of states, d a , 
available to a particle of species a when the number, Ng, 
of particles of species f3 is changed by ANg (keeping the 



size of the system unchanged). By exact diagonalization 
of small systems on the sphere and by using the com- 
posite fermion construction, the following values have 

been established g++ = g |_ = —g^ = 2 — g = 1 + 

2n/(2np+l) for the Jain series v = W(2np+l)(^[llrll3T|. 

(Except that Ref. [O claims that g |_ = — = g ) 

(The diagonal parameters were determined for any level 
of hierarchy states in Ref. [H].) Since we identified in 
Sec. [II] the low energy states in the TT-limit as particle 
and hole excitations it is straightforward to determine the 
exclusion statistics in this limit for any v = p/q, see [Cl 
This gives g pp = g hp = -y, 9m = y and 5pf , = - j, 
where the lengths l± of the quasiparticles are given by 
([2]). This differs from the established values, in particu- 
lar we note that the TT-limit gives +g++ = 1 rather 

than g + g ++ = 2, which, at v = 1/q, is obtained by 

assuming the quasiparticles are anyons and counting the 
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FIG. 4. Energy spectra for one (N,N S ) — (5,13) and two 
(6,16) holes at v — 2/5 with two unit cells — these excitations, 
identified in the TT-limit, are shown as red lines. 



number of anyon wave functions [13, HH, EH ■ At 1/3 the 

TT-limit gives g = 1/3, g++ = 2/3 as compared to 

g__ = 1/3, g ++ =5/3, whereas at 2/5 the values are 
.9-- = 3/5, g++ = 2/5 and g— = 3/5, g++ = 7/5 
respectively. We see that the values for the quasiholcs 
agree, whereas those for the quasielectrons arc shifted by 
one. 

This is just a rephrasing in terms of exclusion statis- 
tics of the results we found in Sec. Mil In the figures 
above, the statistics parameters in the TT-limit can be 
read off from the red states, which are the one and two 
particle/hole states in this limit, see [Cj The exclusion 
statistics is unchanged as L\ increases if and only if the 
red states remain the low energy states. We see that this 
is the case for two holes at 1/3 and 2/5, cf Fig. [5] , HI 
whereas red states disappear from the low energy spec- 
trum as L\ increases for two particles, c/Fig. [31 [SJ We 
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FIG. 5. Energy spectra for one (N,N„) = (5,12) and two 
(6,14) particles at v = 2/5 with two unit cells — these excita- 
tions, identified in the TT-limit, are shown as red lines. 



conclude that the exclusion statistics may change when 
L\ increases from the TT-limit to the physical regime. 

The non-diagonal exclusion parameters, g |_, <JL| , can 

be inferred from Fig. [1] where the red lines give these 
parameters. When L\ increases these states mix with 
others, indicating that mutual statistics of particles and 
holes changes. However, there is no obvious separation 
of a low energy sector at L\ = L 2 and a value for the 
off-diagonal components cannot be extracted from these 
small systems. 



V. DISCUSSION 

Earlier studies have shown that the ground state in the 
Tao-Thouless limit, at any filling fraction v = p/q < 1, 
is adiabatically connected to an abelian quantum Hall 
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state in the two-dimensional bulk system and the frac- 
tionally charged quasiparticles, p, f), are domain walls in 
the TT-limit. In this article we have studied the full 
low-energy sector of states in the TT-limit. Using the 
fact that the unit cell, C, that gives the ground state is 
C = f)p we found that, assuming a certain condition for 
the interaction (V/' ^> V^' +1 ), the low-energy sector con- 
sists of the reorderings of the p and \) in the string of C's 
that make up the ground state; these reorderings corre- 
spond to (multiple) particle-hole excitations. From the 
low-energy sector we determined the exclusion statistics 
in the TT-limit. 

We studied numerically, at and around v — 1/3 and 
2/5, how the low-energy states develop as one moves 
away from the TT-limit. We found that the low en- 
ergy states in the physical regime always develop from 
low-energy TT-states. This is a non-trivial result which 
supports the TT-approach. However, there is not a per- 
fect match between the lowest energy states in the TT- 
limit and those in the physical regime and this lack of 
matching is reflected in different exclusion statistics in 
the two regimes. The states that give the TT-exclusion 
statistics at v = 1/3 and 2/5 are the states marked in 
red in the figures above. Consider for example two holes 
and two particles at v = 1/3, Fig. [5] and EH The two- hole 
states are low-energy states for all L\, whereas one of the 
two-particle states disappears to higher energies as L\ in- 
creases. However, although the red states are the lowest 
energy states in the TT-limit, L\ — > 0, the gap to higher 
energy states is not big, and is certainly not diverging as 
L\ — > 0. This is because the Coulomb interaction obeys 
only Vk > Vfc-fi, with a small difference between suc- 
cessive terms. From just considering the energies in the 
TT-limit, one may question if the red states are really the 
low-energy states. If instead a screened Coulomb inter- 
action is used, see Fig. [6j then the red states are clearly 
separated as the low-energy states. This indicates that 
the precise identification of the very lowest energy states 
in the TT-limit depends on the details of the interac- 
tion. Note that there is no unique way of taking the 
limit of, say, the Coulomb interaction as L\ decreases; 
since this is an unphysical process one may allow the in- 
teraction to change. The TT-ground state is insensitive 
to details of the interaction (as long as V£ > 0); it is not 
surprising that this is not the case for the gaps between 
the low-energy excitations. It is conceivable that one 
could modify the interaction, for small L\, so that the 
exclusion statistics in the TT-limit agrees with the one 
in the physical regime. However, we find this unnatural 
since the counting of the low-energy states would then 
no longer be the counting of the domain walls in the TT- 
limit. Thus we conclude that the exclusion statistics does 
change as L\ increases. Still, one should keep in mind 
that there is a large correspondence between the lowest 
energy states for large and small L\ \ all low energy states 
in the physical regime emanate from low energy states in 
the TT-limit. This supports the validity of the TT-limit 
for the abelian quantum Hall states. 




FIG. 6. Energy spectra with screened Coulomb interaction for 
two (N, N s ) = (5, 17) quasiholes and two (7,19) quasiparticles 
at v = 1/3. The low-energy states are clearly separated in the 
TT-limit which is not the case for the unscreened Coulomb 
interaction in Fig. [2] and [3] 
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Appendix A: Relaxation procedure 

The relaxation scheme states that the positions of the 
electrons on the sites are given by 



„(<5) _ 



3 

-q 

P 



(Al) 



where j = 1, . . . ,p, and [. . . ] is the rounding function 
[n + e] = n if — i < e < \. We immediately see that 



_(«+*) = _(«) 



9 



(<>> 



-q Xj 



(<5) 



9 



= 9 

- -(«) 



Thus we need only consider < j < p and < S < q. 



Definition: 



The ordered set C, 



\ x j S \j G 1, . . . ,p\ is the unit cell; the transposed 

set is defined as = ^x^+^pj G 1, . . . ,p|. 

The sets C^s), for different 5, differ by a translation, 



+ n, at most. Choosing different S, exactly q 



different unit cells are obtained; these are related by rigid 
translations and correspond to the q-fold degeneracy on 
the torus. The integers x^ change in discrete steps when 
S changes. Specifically the change to the set C(§) under 
S —> S + - is that one Xj changes by one. This hopping 
of one specific electron one site is thus equivalent to a 
translation of the unit cell. 

Transposition of a set, CT^ , is equivalent to a transla- 
tion. One way to see this is to consider the transposition 
of Cr = C7i__i_, see below. For this set, transposition is 
equivalent to hopping a specific electron which is equiv- 
alent to a translation. Noticing that any transposition 
can be divided into a translation to Cr, a transposition 
and a translation back again leads to the conclusion that 
all transpositions are translations. 

Since all sets C($) are related by rigid translations, it 
follows that when 5 changes by ^ there exists a trans- 
lation l a and a corresponding relabeling n a that has the 
same effect: 



Va G Z, 3l a ,n a e Z : 
or, equivalently, 



(S-l a ) 





a 




q + d l a 


P 


P. 




p 



This relation is trivially true when 
a = n a q - Lp ■ 



(A3) 



(A4) 



We see that if l a and n a satisfy (|A4[) then so do l a + q 
and n a +p. This gives the general solution to (| A3|) . Since 
all the variables in (|A4[) are integers the equation is a 
modulo equation of type 

Lp = q -a 
n a q = p a . 

We solve these equations explicitly using Eulcr's theorem: 
If gcd(a,p) = 1, then 1 = p a vlyP \ where (fi(p) is the 
number of integers smaller than or equal to p that are 
relatively prime to p. This gives 

VP(<?)-1 



la 

n„ 



h aq^- 1 



(A5) 
(A6) 



a) 



b) 



FIG. 7. Relaxation scheme for (a) Cr, S = ^— = |, and 

(b) Cl, 5 = p+1 2p 2q = -2 at v = ^. Blue + are positions 
of the sites. Black o are unrelaxed electrons at S = 0. Red 
▲ and ■ are relaxed and unrelaxed electrons for Cr and Cl 
respectively. 



and 



m 

P p- 



it is trivial to sec that l a + Z_ a 



From (|A5|) 
and n a + r 

Thus moving one particular electron one step (a = ±1) 
corresponds to translating the unit cell l±i steps. This 
defines a partition of the unit cell where one part consists 
of 1 1 sites with n\ electrons and the other part consists of 
i_i sites with n_i electrons, l\ + Z_i = p, n\ + = q. 
These parts have charges n±\ — l±ip/q = ±l/q relative to 
the ground state. We denote the partitions with charges 
+l/q and —1/q by p and t) respectively. These are the 
charges of the elementary quasiparticlcs and since the 
parts obey the relaxation condition (|A1|) it follows that 
they are the quasiparticles. Moving the electron one step 
interchanges p and f) in the unit cell. 

We verify that the partition corresponding to the 
quasiparticle obeys the relaxation condition by checking 
given by (|A1[) for j = 1 , . . . n a are unchanged if 
Consider, to be definite, the 



"3 



p, q are replaced by n a , l a 
relaxation procedure Xj = 

downwards ([x] f = [a: — t, 



, where [. . . ] f is rounding 
) and j = 0,...,p- 1. This 



(A2) corresponds to the Cl representation introduced below. 



The partitions are then given by x 



(a) 

j 



3 n,„ 



where 



j = 0, . . . , n a - 1. If Xj = x v j for all j = 0, . . . , n a - 1 
then the relaxation procedure works for the partitions as 
well. We have checked this condition for all p, q with 
1 = gcd (p, q) and < p < q < 100 but lack a general 
proof. 

We now consider v — 5/13 as an explicit example. This 
illustrates the results in the Lemmas below, which follow 
by simple generalizations of the example. Fig. [7] shows 
two constructions of unit cells by relaxation for different 
S. In (a), 5 = (1 — 1 /5) /2 = 2/5 and the unit cell is C R = 
0010010100101; whereas in (6), S = (l+l/5)/2 = 3/5 and 
C L = 1010010100100. (S is defined modulo p/q because 
of the periodic boundary conditions.) Cr [Cl) has the 
property that the electrons are as far to the right (left) 
as possible. The particle and hole at 5/13 are, as shown 
above, p = 00101 and f) = 00100101 respectively (in the 
i?-representation). We see that Cr {Cl) starts with a 
(1) and ends with a 1 (0) while the interior is symmetric 
and the same for Cr and Cl- Cr = 0(71, Cl = ICO. 
Consequently, C r and Cl are mirror images of each other 
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Definition: For general v = p/q, we define the 



left and right unit cells as Cl 



C 



c 



CVi , j__q\ respectively. 



and Cr 



\2^2p) \2^2p p) 

Alternatively, these cells can be defined as 



Cr = 



C R 



hrfEs' 



(<5) 



c 



sup]T 

o 



„(<5) 



which makes explicit that the cell is translated so that 
the electrons are as far to the left (right) as possible. 

From the definition the following results, which hold 
for general v = p/q, follow: 



C T 



Cr 



2. Cl = Cdi i . ie hopping one electron (the last) to 

p 

the right in Cr gives Cl- 

3. C L = ICO and C R = OCX. 

4. C T = C. 

Here, ([T]) and © follow directly from the definition; 
§2§ implies because the electron that hops when 
Cr — > Cl is the electron at the edge; © then implies 
Q because of (JTJ) . 

Definition: Let U = |C(<5)} be the set of all unit 
cells (including all translations for all v = p/q) and let 
U R ,U L CU, where Ur n U L = 0, be the subsets of left 
and right unit cells, Ur = {Cr}, Ul = {Cl}- 

Lemma: VC G U\ Ul Bp, f) G U such that C = hp and 
VC G U \ Ur 3p, h G U such that C = ph where p is the 
particle and fj is the hole. When C G Ui?, then p, h G Ur 
and when C G Ul then p, E) G Ul- 

Proof: We know that any v = p/q has a particle- hole 
decomposition according to (|A4|) . We see that we can 
rewrite (|A4[) as 

P 1 / "a / x , "-a - 1 \ 

q q \ la la J 



la 



-te- 



la 



The interpretation of the above equations is as follows. 
If one considers the q unit cells of v and takes the mean 
density of the l a leftmost (or rightmost) sites one gets 
the mean density of v = p/q, see the example in Table HI 
Denote this segment of C by L and its complement by R 
so that C = LR. We see that in q — \a\ cases the density 
of L is j 2 -, whereas in the \a\ remaining L the density is 
n a -sign(a) ^ ^ m a = 1 (a = — 1) L has the correct size and 
density to be the quasiparticle p (quasihole f)) discussed 
earlier. Because of (IA4[) . R has to be the quasihole f) 
(quasiparticle p). The unit cell where L ^ p (i ^ [)) has 



c 


a = -1 


a = 1 


Cr 


001 01 


00 101 




010 01 


01 001 




010 10 


01 010 




100 10 


10 010 


Cl 


101 00 


10 100 



TABLE I. The five representations of the unit cell at v — 2/5. 
Notice how hopping one electron one site causes the p and () 
parts to trade places. 



to be Cr (Cl) because in that cell the electrons are as 
far to the right (left) as possible. 

We can, because of the definition of U^ (Ul), conclude 
that by necessity \) R ,p R G Ur {\)l,Pl G Ul). 

□ 

Thus, as Table U gives an example of for v = |, we can 
decompose the unit cells into the corresponding quasipar- 
ticles and quasiholes: Cl = Pl^l an d Cr = \)r$r- (The 
order of p and f) is given by the fact that p has a higher 
density of electrons than t), ie a larger filling fraction, and 
that Cl has the electrons as far to the left as possible.) p 
and f) are themselves unit cells defined by the relaxation 
procedure at appropriate filling factors, consequently, 

5. pi = p R , 1)1 = tlR 

(alternatively, this follows from Cj = Cr). One readily 
finds that 

6. Pl = lpL, i)L = F)l_0; 
Pr = pRl,Jfl = 0f)ij; 
pI = Pr, f>L = <jfl • 

7. PlPjl = t)RpR = C. 

Lemma: If Cr = 1)rPr, G Ur then t)^p fl G Ur, where 
fy R ~ 1 pR G Ur, is the quasiparticle (and f) fl is the quasi- 
hole), and fjL'p^ 1 G Ur, where hfiP^ -1 G Ur is the quasi- 
hole (and pR is the quasiparticle), for n,m G Z. 

Proof: We prove that i)Rp R G U^ with i)RpR as hole 
and pR as particle. The general result then follows by 
induction. Rewriting (|A4j) for a = 1 ~ p as 

1 = n p q - l p p 
= n p (q + l p ) - l p (p + rip) , 



we see that if / p and n p solve 



also solve it for 



p+rip 
q+lp 



4|) with v = p/q they 
This means that if one has 



one unit cell C and adds an extra particle section then 
the quasiparticle of that new unit cell will be unchanged. 
By induction this construction can be extended to any 
i)RpR- The proof for §rPr is completely analogous. 



□ 
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Lemma: If Cr = §rPr G Vr, then 



C R = 



Vr Pr 




if I (fm) < l (Pr) 
if / (t) R ) > I (Pr) 

I (Pi 



(A7) 



respectively. 



where / (fj fl ) > J (p' fl ) or I (f)' fl ) < 
Equality holds when p' R = 1 or f)' fl = 0. Here p' R is 
the quasiparticle in the unit cell i)Rp' R (and \)' R is the 
quasihole in §' r Pr). 

Proof: We prove that t) R p R = ty R p R p R if Z (t) R ) > 
I (Pr). Rewriting (|A4[) for a = 1 ~ p as 



1 = n p q - l p p 
= n p (q - l p ) - l p (p - n p ) , 



we see that if Z p and 



also solve it for 



_ p-n v 



solve (|A4j) with v = p/q they 
. In analogy with the preceding 



lemma the particle of a unit cell C remains unchanged 
even if we remove a particle partition. Recursive usage of 
this argument leads to (|A7[) . The case of I (Pr) = I (f) R ) 
only occurs when v = 1/2 which is trivial since p = 1, 
tj = and n = m = 0. 

□ 

This lemma also tells us how to decompose a state 
obtained by the relaxation procedure (|A1[) . Since \)r 
and p# are unit cells themselves the construction holds 
recursively. The lemma suggests the following indexation 
that treats particles and holes on equal footing: 



f)rfl = br+lRp™+l R 



(A8) 
(A9) 



(Transposing gives the corresponding relations for the L- 
representation.) These (half) integer indices arc only a 
convenient way of numbering the different particles and 
holes and carry no deeper meaning. We define the start- 
ing point for the indices by writing the particle-hole de- 
composition of the chosen, arbitrary, unit cell C R as 



Cr 



boRplR 



itl(t) R )<l(pR) 
itl(t)R) >Hpr) 



(A10) 



Note that the particle and its corresponding hole have dif- 
ferent indices. Using this indexation we can now rewrite 
"TZb as 



Cn = 



't)l + R PiR in(fm)<z(PiO 



VlRPlR 



if I (*)r) > I (Pr) 



(All) 



As an example of our notation we consider the decom- 
position of v = 5/13, where Cr = tip with t) = 00100101 
and p = 00101, see Table HT1 Since the hole is longer than 
the particle we have Cr = hp = §orPlr- boR can then 
be decomposed as f)oi? = fyiRpiR, and, continuing the 
process, pi R = fjiftpfa, l)iR = foRp° R , P^r = ^rP^r- 
Here = 001, p3 R = 01, t)2R = 0, ps R = 1. Note 



01 representation 


pf) reprepresentation 


level 


(00100101) (00101) 


f)0flP 1 R 


5 

13 


(001) (00101) 2 


fhflp 2 R 

2 


3 
8 


(001) ((001) (01)) 


{ \' 2 


2 
5 


(0) (0l)((0) (oi) 2 ) 2 


i)2Rp3 R [t)2Rp 2 3 R ^J 


1 
3 


(0) 2 (l)((0)((0)(l)) 2 ) 2 


$Rp*R (^2R (f)2-RP|fl) ) 


1 

2 



TABLE II. Hierarchy levels for ^ with Cr = 0010010100101. 
At each step the particles and holes correspond to a distinct 
value of v. Notice how for each step p and f) are alternatingly 
expanded. 



how holes and particles are alternating at every step and 
that it is the one with the smallest index, which is the 
longest one, that is decomposed. In the example at hand 
rrik = n r = 1, c/Eq'n (|A8[ IA9|) . this need of course not 
be the case. 

Property [5] above has as a consequence that all of the 
expansions (|A7I - IA11[) have transposed variants. The 
same holds true for the lemmas in the following section. 



Appendix B: Low energy states 

Using the results of the previous appendix we here 
prove the theorem that allows us to identify the low en- 
ergy states as all rcordcrings of the f), p that make up the 
ground state. 

Lemma: For all n, m G Z 



bk±±RPkRpkR) =b k ±±RpkRpkR 
(X_Rf}"kPr±ifl) = hrRf)™RPr±±R 



(Bl) 

(B2) 



-n+l 



Proof: Since t) k ±±RpkR is a unit cell, t) k ±i R p kR 
also a unit cell, Vn G Z. For any unit cell Cr = QC1 
C T = C (property H above), then {j)k±^RPkRpkR) = 

§k±±RPkRpkR which is (|Bip . Equation (|B2|) follows anal 
ogously. 



is 



Using this lemma we get: 
Lemma: 

F) feL i = ii)kR 

OprL = PrflO 

Proof: Using the transpose of (|A8|) we find 

flfcil = lpfc+iiP^i^fc+lLl 

= if}fc+i7?p;:;j fl p fe+ i H i 



□ 



(B3) 
(B4) 
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where we used (|B1[) (and property [5]) in the second step. 
The proof for (|B4|) is analogous to that of (|B3[) . 

□ 

One trivial consequence of this lemma is that (jjkL^j = 

\) kL l and (0p rL ) T = 0p rL . 
Lemma: 

i) fcL 10p fc± i L = p k ±i L t)kL (B5) 

Proof: f) feL 10p fe± i L = lFj fe flp fc± i fl = lp k± i L t) k L0 = 
p fc± i L t)fci as a direct consequence of first (|B3|) and (|B4|) . 
then (|Bip and finally property [5] 

□ 

Lemma: 

p kR = {...} lt) k+ i R (B6) 
f)fcfl=P fe+ iflO{...} (B7) 

where {. . . } stands for something undetermined. 

Proof: Using the decomposition (|A8[) of f) and p and 
(|B2j) . we get 

- op k +iLbl~\ L h+ihi = {••■} i) fe +iLi 

The proof of (|B7j) is analogous. 

□ 

Theorem: 

Assume a representation C(5) with the corresponding 
particle-hole decomposition C^g) — f)P exists. Assume 
that a state, S, can be expressed as a sequence of only 
p and \), S — rji...r)N, where r)j S {p,f)}- Then any 
permutation S' = a (S) = rf x . . . rj' N , where rjj £ {p, f)}, 
differs from S in energy with terms of order q or higher, 
ie 

AE = E{S')-E(S)=(D(q) . 

Any other state R, ie a state that cannot be obtained by 
reordering the p and rj in the ground state has energy 

AE = E{R)-E{S)=0(k) k<q . 

Proof: We start by proving, by induction, the first part 
of the theorem. Any permutation a can be written as a 
series of (pairwise) transpositions T k . If all transpositions 
fulfill the requirement above then so does any permuta- 
tion. 

We prove this using the C/j-representation, but the 
result is valid for all representations since they are equiv- 
alent. (Equivalent in the sense that the same sequence of 



p and f), in different representations, gives (under peri- 
odic boundary conditions) the same sequence of and 1, 
upp to a translation of < q sites). In this representation 
pi) f)p is affected using p R t) R = p fl 10F) fl p R 01\) R = 
^)rPr as is seen from (the transpose of) (|B5[) . 

We have four cases that need to be treated separately. 
f)pf)p,i)pf)f}, f)pf)f) and p p t) p . The transpositions of these 
four pf)p (), etc, are treated in analogy with the first four. 

We show only the proof for l p < Zf, => \) R = \)i R $ R ] the 
case i p > /[, => p R : = i) R pi R is analogous and l p — Z[, 
p = 1, f) = is trivial. Here i) R and p R are shorthands 
for i) 0R and pi^ respectively. Also t)' R = f)i R p R ~ and 

p' R = ^i R ~ 1 f'^R' w hich are the minimal expansions of \) R 
and p R , do appear. 

Consider the first case: 

{• • • } ^rPrTrPr = {• • • 1} 01)r.Pr^rPrI 

= {...l}0(q-2)lt>(q-2) T l , 

where (q — 2) = l) R p R = (q — 2) T according to (|B1|) . 
{...} denotes an arbitrary string of 77's - in the R- 
representation it necessarily ends with a 1; this string 
is included since it gives the leading contribution to the 
energy, (n) denotes a string that is n sites long such that 
(n) x (n) is symmetric around x. Because of this reflec- 
tion symmetry, (n) 10 (n) T and (n) 01 (n) T have the same 
energy. It then follows that the leading contribution to 
the energy is given by the interaction with the next elec- 
tron on both sides and is Vg, thus AE = + O (q + 1). 

The second case: 

pRpRt)R*)R = {Pr}PrPr^'rPr^R 

= {p R }p R p R ibp L i>' L m R pRi 

= {pRpR}(lp»-l)lt>(l^-l) T 

fhLiop L iy L i 
= {prpr}(i p * -i)l6(ip» -i) T 

= {PR} (lpn + ! - 1) Itj (Z p „+1 - 1) T f) 1L ^l 

= {...i( 1i k}(V+ i -i) 1 ^ 

(lp-+i -l) T f)i L 01() , fl 
= {...l}( g -2)l^( (Z -2) T 01^ , 

where, in the second to last step we used p R = Ofjiflp'^,1 = 
0p^I)il1 = 0p' L li)i R . We find that the nearest electrons 
are q — 1 sites to the left and q + 1 sites to the right, thus 
AE= -V£ + 0(q+l). 
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The third case, using (|B1|) . 

pRpR^RpR = {P R } PrPr^'rPrPrI 

= {Pr}PrpAlPM 

= {p«}(z p «+i-i}ifi 
= {...ii) 1R }(i pn +i -i>Tu 

(V+i-1) T ^il1 
= {...l}<«-2)Tfi<g-2) r l. 

Here the nearest pair of electrons that contributes is more 
than q — 1 sites to the left and more than q sites to the 
right, thus AE = 0{q + l). 
Finally, the fourth case 

^rPr^rMr = {Pr} i)RpR 

= {PR}fmPfll6p4iiopif^i 

= {Pi?.} *)R ih - 1) ^ 

(Z p -l) T ^10p L ^l 

= {pii} (i P - 1> ifi 

(/ p -i> T p L f,^' L i 

= {p^l}(g-l)T^(g-l) T ^l. 

The nearest electrons are here q sites to the left and more 
than q sites to the right, thus AE = O (q + 1). 

Since all transpositions cost energy AE = c q Vg + 
O (q + 1), the energy cost for any permutation must also 
be of this form. 

□ 

This finishes the proof of the first part of the theorem. 
We now turn to the second part which states that all 
states that cannot be obtained by reordering the p and f) 
that make up the ground state differ in energy from the 
ground state by O (fc) , k < q. 

Assume that we have a state Sq that can be described 
by p, f). We say that p, f) covers So if and only if we can 
describe Sq using p, f). Sq is our reference state; it could 
be the ground state. 

Let S be a state that is not covered by p, f). Assuming 
lp < If,, we expand pfj = ppf)'. Note that p,f)' trivially 
cover So since p, rj do. If p, rj' cover S then the sequence 
f)'f)' must occur somewhere in S otherwise f), p would also 
cover S. This means that when Sq — > S there has been 
a move of the type 

t)V l+1 (l'p -> p"f/pr/p -> p^'h'p , 

where the last step costs V" as seen in the proof the 
first part of the theorem. Since /(, < q, this proves the 
theorem. If p, f)' do not cover S, then expand the longer of 
f)' and p and repeat the argument. Eventually a particle 
and a hole is found that covers S and the theorem follows. 



Defining the low energy states as those whose energy 
are within O {q) from the ground state energy we find 
that the low energy states are precisely the states S = 
Vi ■■■Vn where r] 3 <E {p, rj}. 

Appendix C: Exclusion statistics 

Assuming the low-energy sector identified in App. [B] 
it is straightforward to derive the exclusion statistics in 
the TT-limit, thus generalizing the result in 0] to general 
v =p/q. 

Let the ground state contain N c unit cells C: 
flprjpf)p . . . rjpfiprjp. Let N p , Nt, denote the number of p, 
t) in a general state; for the ground state N p = = N c . 
A quasielectron p (quasihole f)) can then be inserted 
once per quasihole \) (quasielectron p) to produce dif- 
ferent quasielectron (quasihole) states. Thus the num- 
ber of one-quasielectron states is equal to the number of 
quasiholes A r i, present, iVf, = N c , and the number of one- 
quasihole states is equal to the number of quasielectrons 
Np present, Np = N c . To determine how this changes 
in the presence of quasiparticles, we insert q quasielec- 
trons p in the ground state and remove lp unit cells C 
in order for the size of the system to remain unchanged. 
There are now N^ = N c + q — l p = N c + If, quasielec- 
trons p and NL = N c — lp quasiholes f) present in the 
state. A quasielectron p can still be inserted once per 
quasihole f) to produce different one-quasielectron states. 
Thus there are now N'^ = N c — Z p one-quasielectron 
states and N^ = N c + one-quasihole states. This gives 
g PP = = and g Uv = = because 

we actually inserted q quasielectrons p. Inserting instead 
q quasiholes in the ground state leads to = and 

g p(l = — The lenghts of the quasiparticles are given 
by ©. 

We note that while the diagonal parameters are posi- 
tive as they should be in order for the number of states 
of a particular species not to increase with the addi- 
tion of particles of this species, the off-diagonal param- 
eters are always negative. In the TT-limit we have that 
g — + g ++ = 1, ,g + _ = -g ++ and g_ + = -g — , which 

differs from the results g + g++ = 2 and g^ = — g |_, 

that hold away from this limit 0, [3 • This discrepancy 
is further discussed in Sec. IIIII 

When calculating the statistics parameters above the 
size of the system was maintained. However, when com- 
paring to exact diagonalisation of small systems this con- 
straint needs to be relaxed. We do this by first consid- 
ering how the corresponding constraint can be relaxed 
when calculating the fractional charge of the quasiparti- 
cles. Normally, one adds several quasiparticles and re- 
moves an integral number of unit cells so that the size of 
the system is unchanged. We can however reformulate 
the calculation and insert just one a particle. This par- 
ticle contains n a electrons and extends over l a sites. To 
obtain the charge of the quasiparticle we must subtract 
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the charge of the background, which has charge p per 
unit cell of length q. Thus we find that the charge of the 
a quasiparticle is Q a = n a — Z a | = where we have 
used (|A4p wich a = a. 

A similar reasoning can be applied to the calculation 
of the exclusion statistics. Consider the TT-ground state 
with N c unit cells at filling factor v = p/q. We now 
insert one a particle (a — p or a = t)). Let N a be the 
number of low-energy states thus obtained. (If there is 
one such state per unit cell, which is typically the case, 
then these N a states are all degenerate.) We now, in 
another TT-ground state of N c unit cells, insert instead a 
/3-particle. (a and j3 could be the same kind of particle.) 
Here we will get Np low energy states, just like for a 
above. We fix the position of the first inserted /3-particle 
and insert an a-particle. Let N a p be the number of low- 
energy states thus obtained. (These low energy states 
will not be degenerate since the first insertion breaks the 
translational invariance.) The difference A Q( g = N a p — 
N a in the number of low energy states before and after 
the insertion of the f3 particle tells us how much the state 
space of a changes by the insertion of a /3. We obtain 
the statistics parameter g a p from A a p by compensating 
for the change in size of the system the insertion of the 
/3-particle gave rise to. We know that a unit cell contains 
exactly one particle and one hole, therefore the number of 
particles and holes per site is 1/q. We added a /3-particle 
containing lp sites and by that very reason the number 
of low energy states for the particle and hole increased 
by ^s/s respectively. Deducting this modification from 
the number of low-energy states we find the exclusion 
statistics g a p = ~{A a p - -£) = -jj- - A a p. 

Applying the above procedure to the TT-limit gives 
just another way of deriving the g a p given above. Here 
we apply it to obtain the exclusion statistics for small 
systems analyzed using exact diagonalization. 

We start with v = 1/3. Fig. [2] shows the insertion 
of one (5/16) and two (5/17) holes at v = 1/3 with 
N c = 5 unit cells. The TT-ground state at 5/15 is 
(f)p) 5 . Adding one hole one obtains 5/16, where the low- 
est energy state in Fig. [2] is tl 2 p(f)p) 4 in the TT-limit. 
There are obviously 16 such states related by transla- 
tion, but choosing one particular ground state initially, 
the additional t) can be inserted in five different places; 
thus, 2Vjj = 5. At 5/17, the three lowest energy states in 
Fig. [2] are found to be f)(()p) 2 f)(f)p) 3 , fj(t)p)f)(fjp) 4 and 
f)2 (f)p)5 (each of them 17-fold degenerate) in the TT- 
limit, in order of increasing energy. To determine 
we must keep the first hole fixed and count the num- 
ber of states for the second hole f)' — the three low-energy 
states (and translations of them) then give the states: 

WihPh, ()(f)PM()P) 4 , f)(f)p) 2 f)'(f)p) 3J Wp) 3 f)'(f)P) 2 , and 

fj(f)p) 4 f)'(fjp); thus = 5. (f) and f)' are of course iden- 
tical so the order of them does not matter.) Of the five 
states, there are two pairs that are related by translation 



and hence degenerate. Since the numbers of low-energy 
quasihole states, Nf, and N^, are equal, we conclude that 
= 0. The TT-limit is particle- hole symmetric, thus 
the analysis for insertion of particles, cf. Fig. is 
obtained by simply interchanging t) and p, consequently 
5 p p = 0. Since Z p = 2 and Zf, = 1 we get <?i pp = | and 

fihh = 3- 

Fig. |4]shows the insertion of one (5/13) and two (6/16) 
holes at v = 2/5 with N c = 2 unit cells. The TT-ground 
state at v — 4/10 is (f)p) 2 . Adding one hole one obtains 
5/13, where the lowest state is f) 2 pf)p. There are obvi- 
ously 13 such states related by translation, but choosing 
one particular ground state initially, the additional I) can 
be inserted in two different places; thus, N§ = 2. At 
6/16, the two lowest energy states are found to be (() 2 p) 2 
and () 2 (f)p) 2 , in the TT-limit, in order of increasing en- 
ergy. The first of these is 8-fold degenerate whereas the 
second is 16-fold. (The additional degeneracy disappears 
when L\ increases and linear combinations of states with 
different positions of the holes are formed.) To determine 
iVfif, we keep the first hole fixed and count the number of 
states for the second hole \)' — these states are: f)f)'(l)p) 2 
and f)(()p)f)'(()p); thus = 2. Since the numbers of low- 
energy hole states, and A^f,, are equal, we conclude 
that (?(,(, = 0. The TT-limit is particle-hole symmetric, 
thus the analysis for insertion of particles, cf. Fig. is 
obtained by simply interchanging t) and p, consequently 
S P p = 0. Since Z p = 2 and Zf, = 3 we get gipp = § and 

fffhh = I- 

The off-diagonal elements of the statistics parameter 
are obtained from Fig. [TJ which shows the spectra for 
v = 1/3 with six unit cells and v = 2/5 with three cells. 
At 6/18 the lowest energy states are identified as (t)p)6, 

f)(E)P)p(f}p) 4 ; f)(f)P) 2 P(f)P) 3 > f)(f)P) 3 p(f)P) 2 , f)(f)p) 4 P(f)P) and 
f)(f)p) 5 p in the TT-limit (in order of increasing energy). 

(Four of these states are pairwise degenerate.) The first 
of these is of course the 1/3 ground state, whereas the 
others are particle-hole excitations thereof. All these 
states can be obtained by inserting a hole and a particle 
in the 5/15 ground state (f)p) 5 . Adding one hole to (F)p)s 
one obtains the five low energy states t)(f)p) 5 according 
to the analysis above, thus = 5. Adding a particle, 
keeping the added hole fixed, then gives precisely the six 
low-energy states found at 6/18. Thus there are Nt)p = 6 
particle states. Thus, when we move from + f) to 
■jjr + f) + p the number of states increases by one from 5 
to 6, Spfj = 1, (the process ^+pto^+p + (iof course 
gives the same counting). This gives the off-diagonal el- 
ements gi hp = f — 1 = — | and gi ptt = | - 1 = -§. 

For v = | at 6/15, cf Fig. [TJ we identify the low- 
energy states as (f)p) 3 , f)(()p)p(f)p), and f)(()p) 2 p in the 
TT-limit (the last two being degenerate). By a similar 
analysis as for 1/3 this gives again S^ p = 1, and hence 

g$to = ! - 1 = -f and 9§ Ph = ! - 1 = -f • 
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